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Abstract
A mixed hypergraph is a triple H = (X;C;D), where X is the vertex set and each of C, D
is a list of nonempty subsets of X , called the C-edges and the D-edges, respectively. A proper
k-colouring of H is a mapping f :X → {1; 2; : : : ; k} such that each C-edge has at least two
vertices of a common colour and each D-edge has at least two vertices of distinct colours. If rj is
the number of partitions of X into j colour classes such that the colouring constraint is satis6ed
on each C- and each D-edge, then the vector R(H) = (r1; r2; : : : ; rn) is the chromatic spectrum
ofH. Chromatic spectrum is broken if there exist integers i ¡ j¡k such that ri ¿ 0 and rk ¿ 0
but rj = 0. Mixed hypergraph is uncolourable if it admits no proper colouring. The maximum
(minimum) i such that ri = 0 is the upper (lower) chromatic number of a mixed hypergraph H
denoted by 9(H) ((H)). In this paper we examine colourings of mixed hypergraphs in the case
that H is a P3-design, i.e. a P3-decomposition of the complete graph Kn, and construct families
of uncolourable P3-designs, P3-designs having the chromatic spectrum broken, P3-designs having
lower and upper chromatic number equal, P3-designs colourable only by  and 9 colours.
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1. Introduction
A mixed hypergraph is a triple H= (X;C;D), where X is the vertex set (X = ∅)
and each of C, D is a list of subsets of X , called the C-edges and the D-edges of H,
respectively. A proper k-colouring of a mixed hypergraph H is a function f :X →
{1; 2; : : : ; k} so that each C-edge contains at least two vertices x; y, x = y, such that
f(x) = f(y), and each D-edge contains at least two vertices u; v, u = v, such that
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f(u) = f(v). A strict k-colouring of H is a proper k-colouring using all k colours.
If H admits at least one proper colouring, then it is called colourable, otherwise it is
called uncolourable.
The minimum (maximum) number of colours in a strict colouring of a mixed hy-
pergraph H is called the lower (upper) chromatic number of H and is denoted by
(H) ( 9(H)).
For each k, 16 k6 n, let rk be the number of partitions of the vertex set into
k nonempty parts (colour classes) such that the colouring constraint is satis6ed on
each C-edge and on each D-edge. We call these partitions feasible. Thus, rk is the
number of diDerent strict k-colourings of H if we disregard permutations of colours.
The vector
R(H) = (r1; : : : ; rn) = (0; : : : ; 0; r; : : : ; r 9; 0; : : : ; 0)
is the chromatic spectrum of H [7]. The set of values k such that H has a strict
k-colouring is the feasible set of H denoted by S(H); this is the set of indices i
such that ri ¿ 0. Observe that ri = 0 for every i¡, i¿ 9, and when  = 9, mixed
hypergraph can be coloured only with k colours. It may happen, however, that ri = 0
for some ¡ i¡ 9; in this case, the chromatic spectrum and feasible set have gaps
(are broken).
The concepts of mixed hypergraphs, lower (upper) chromatic number, and chro-
matic spectrum were introduced in 1993 [7] and from that date the theory of mixed
hypergraphs has grown rapidly. It has many potential applications as mixed hyper-
graphs can be used to encode various partitioning constraints. Interesting problems
arise when the considered hypergraphs verify the condition to be Steiner systems or
Designs [1,4–6]. On many occasions, Voloshin pointed out the importance of 6nding
mixed hypergraphs having their chromatic spectrum broken.
In this paper, we study Voloshin’s colourings for P3-designs, which can be con-
sidered as mixed hypergraphs whose edges are all the paths of a P3-design and try
to 6nd particular cases of P3-designs having a broken chromatic spectrum or other
properties. We construct families of uncolourable P3-designs, families of P3-designs in
which the spectrum is broken but also with the gaps variable in many ways, families
of P3-designs with
R(H) = (r1; : : : ; rn) = (0; : : : ; 0; r = r 9; 0 : : : ; 0)
and others with
R(H) = (r1; : : : ; rn) = (0; : : : ; 0; r; 0; : : : ; 0; r 9; 0; : : : ; 0):
In Section 3 we give bounds on  and 9 for P3-designs. In Section 4 we construct
uncolourable designs. Section 5 gives a family of monocolourable P3-designs with
chromatic spectrum (0; 0; r3; 0; : : : ; 0); in Section 6 we construct families of bicolourable
P3-designs which only admit - and 9-colourings ( = 9). Finally, in Section 7 we
construct designs with only an even (or odd) number of colours possible in any strict
colouring.
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2. Constructions of P3-designs
Let Kn be the complete multigraph on n vertices, where every edge is repeated 
times. If G is a graph, the multigraph Kn is said to be G-decomposable, if it is the
union of edge disjoint subgraphs of Kn, each of them being isomorphic to G. Usually,
this situation is denoted by the symbol Kn → G (or G|K). The multigraph Kn is
also said to admit a G-decomposition, which is denoted by the pair = (X; B), where
X is the vertex set of Kn and B is the set of copies of G in Kn.
A G-decomposition of Kn,  = (X; B), is also called a G-design of order n, block
size |G|, index  [2,3]. A P(n; k; )-design is a G-design having order n, block size k,
index , where G is a path on k vertices having for vertices x1; x2; : : : ; xk and for edges
all the pairs {xi; xi+1}, for every i = 1; 2; : : : ; k − 1. A P(n; k; 1)-design is also called a
Pk(n)-design. The following is well known [3]:
Theorem 2.1. A necessary and su5cient condition for the existence of a P(n; k; )-
design is that n(n− 1) ≡ 0, mod 2(k − 1), n¿ 2k.
This implies that:
Corollary 2.1. There exists a P3(n)-design if and only if n ≡ 0 or 1mod 4, n¿ 3.
In what follows, we use the following constructions to obtain P3(n)-designs.
Construction A. P3(n)-design → P3(n+ 1)-design [n ≡ 0;mod 4].
If (X; B) is a P3(n)-design of order n, where n ≡ 0mod 4, and F is a 1-factor de6ned
on X = {x1; x2; : : : ; xn}, then consider:
(i) X ′ = X ∪ {∞}, where ∞ ∈ X ; and
(ii) B′ = B ∪ C, where C is the collection of all the P3-paths having the vertex ∞ as
centre and all the pairs of F as terminal points.
It is immediate to see that (X ′; B′) is a P3(n+ 1)-design.
Construction B. P3(n)-design → P3(n+ 4)-design.
If n ≡ 0mod 4, (X; B) is a P3(n)-design of order n, (Y; C) is a P3(4)-design
de6ned on Y = {y1; y2; y3; y4}, and F1; F2; F3; F4 are 1-factors (nonnecessarily distinct
or disjoint) de6ned on X = {x1; x2; : : : ; xn}, consider:
(i) X ′ = X ∪ Y ; and
(ii) B′ = B ∪ C ∪ D1 ∪ D2 ∪ D3 ∪ D4, where Di is the collection of all the P3-paths
having as centre the vertex yi ∈Y and all the pairs of the 1-factor Fi as terminal
points.
It is immediate to prove that (X ′; B′) is a P3(n+ 4)-design.
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Construction C. P3(n)-design → P3(n+ 4)-design.
If n ≡ 1mod 4, (X; B) is a P3(n)-design of order n, (Y; C) is a P3(4)-design de6ned
on Y = {y1; y2; y3; y4}, and F is a 1-factor de6ned on Y , consider:
(i) X ′ = X ∪ Y ; and
(ii) B′=B∪C(⋃ni=1 Di), where Di is the collection of all the P3-paths having as centre
the vertex xi ∈Y and all the pairs of the 1-factor F as terminal points.
It is immediate to prove that (X ′; B′) is a P3(n+ 4)-design.
In what follows, a path of a P3-design having centre y and terminal vertices x; z will
be indicated by 〈x; y; z〉. Further, we consider hypergraphs H = (X; E) associated with
P3-designs = (X; B): they have vertex set X and an edge {x; y; z}∈E if and only if
the path 〈x; y; z〉 ∈B. We say that the block {x; y; z} is generated by the path 〈x; y; z〉.
Since it is always clear that a block is generated by a path (but not vice versa), to
simplify the terminology we denote the blocks of H also by 〈x; y; z〉. We call such
hypergraphs P3-hypergraphs.
3. Preliminaries on BP3-designs
In what follows we consider P3-designs with particular Voloshin’s colourings. In
fact, in the case C=D, three uniform mixed hypergraphs have a singular property: in
every edge there are two vertices with the same colour and two vertices with distinct
colours. We always consider P3-designs having the property that C =D and we call
them BP3-designs with bicoloured blocks, in analogy to BSTS considered in [1,5].
We have the following necessary conditions of colouring:
Theorem 3.1. Let =(X; B) be a colourable BP3-design of order n. Then, 26 6 9
6 n=2, where bounds are the best possible.
Proof. The 6rst and the second inequalities are immediate. We prove the last. Suppose
that there exists a k-colouring of , using k¿ n=2+ 1 colours.
Since |X |=n, there are at least two colour classes L′, L′′ having exactly one vertex:
L′ = {x}, L′′ = {y}, x = y. If b∈B is the path of  containing the pair x; y, b is
necessary coloured by 3 colours, so it cannot be a C-edge.
Now, we prove that these bounds are best possible.
(i) Let  = (X; B) be the BP3-design de6ned on the vertex set X = {x0; x1; : : : ; xn−1}
and consisting of:
• h BP3(4)-designs, each having vertex set Xi = {x4i ; x4i+1; x4i+2; x4i+3} for every
i = 0; 1; 2; : : : ; h− 1 and blocks
〈x4i ; x4i+1; x4i+2〉 〈x4i ; x4i+2; x4i+3〉 〈x4i ; x4i+3; x4i+1〉;
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• for every i = 1; 2; ::; h− 1 and j = 4i, the following additional block sets Tj:
〈x0; xj ; x1〉 〈x0; xj+1; x1〉 〈x0; xj+2; x1〉 〈x0; xj+3; x1〉
〈x2; xj ; x3〉 〈x2; xj+1; x3〉 〈x2; xj+2; x3〉 〈x2; xj+3; x3〉
: : : : : : : : : : : :
: : : : : : : : : : : :
〈x4i−4; xj ; x4i−3〉 〈x4i−4; xj+1; x4i−3〉 〈x4i−4; xj+2; x4i−3〉 〈x4i−4; xj+3; x4i−3〉
〈x4i−2; xj ; x4i−1〉 〈x4i−2; xj+1; x4i−1〉 〈x4i−2; xj+2; x4i−1〉 〈x4i−2; xj+3; x4i−1〉:
It is immediate to see that there exists a 2-colouring of , f :X → {); *}, putting
f(xi)=) if the index i is even and f(xi)=* if i is odd. It follows ()=2. For the
other inequality, consider the colouring g of  such that: g(x4i)=g(x4i+1)=2i+1,
g(x4i+2) = g(x4i+3) = 2i + 2, for every i = 0; 1; 2; : : : ; h − 1. We can verify that g
is a 2h-colouring of . Hence 9()¿ n=2 and, for the 6rst part of Theorem 3.1,
9() = n=2.
(ii) Consider the BP3-design ′=(X ′; B′) obtained from the BP3(n)-design =(X; B)
of the case (i), by construction A, with F = {{0; 1}; {2; 3}; : : : ; {4h− 2; 4h− 1}}.
It is possible to de6ne a 2-colouring ’ and a (2h+1)-colouring  of ′, putting
’=X =f and ’(∞)= ) and  =X = g,  (∞)= 2h+1, where f is the 2-colouring of
 and g is the 2h-colouring of , de6ned in (i).
It follows that (′) = 2, 9(′) = 2h+ 1.
Observe that:
Theorem 3.2. If  = (X; B) is a k-colourable BP3-design of order n ≡ 0mod 4 and




(iii) (k + 1)-colourable.
Consider that if for every k-colouring f of  there exist at least two blocks
〈y1;∞; y2〉, 〈y3;∞; y4〉, such that |{f(y1); f(y2); f(y3); f(y4)}| = 4, then ′ is un-
colourable. While if there exists an extension of f to X ′, then ′ can be k-colourable or
(k + 1)-colourable.
We conclude this section introducing the concept of equivalent colourings. Observe
that Voloshin gave the concept of di8erent colourings, which are 2-colouring having
two vertices with the same colour in the 6rst and diDerent colours in the second. We
say that:
Denition 3.1. Two colourings f, g are equivalent if there exist a bijection ’ on the
vertices and a bijection  on the colours such that:
g(’(x)) =  (f(x)); for every vertex x:
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Of course, two nonequivalent colourings are diDerent; but it is possible that two dif-
ferent colourings are equivalent. Further, if si is the number of nonequivalent colourings
in an hypergraph, then si6 ri.
Remark 3.1. It is well known that there exists, to within isomorphisms, only one
P3(4)-design, which we indicate by 4. If Y = {y0; y1; y2; y3} is the vertex set, the
blocks are 〈y0; y1; y2〉, 〈y0; y2; y3〉, 〈y0; y3; y1〉. From Theorem 3.1, (4) = 9(4) =
2 and we can see that there are only two nonequivalent colourings. The possible
colourings are:
(C0.1) f(y0) = f(y1) = ) and f(y2) = f(y3) = *;
(C0.2) f(y0) = f(y2) = ) and f(y1) = f(y3) = *;
(C0.3) f(y0) = f(y3) = ) and f(y1) = f(y2) = *;
(C1) f(y0) = ) and f(y1) = f(y2) = f(y3) = *.
All these colourings are diDerent, but (C0.1)–(C0.3) are equivalent.
Remark 3.2. It is known that there are, to within isomorphisms, only two P3(5)-designs,
which we indicate by (1)5 ; 
(2)
5 . One of them, say 
(1)
5 , has been already considered and
it is exactly the design indicated by 5 in Theorem 3.1. Observe that 5 is obtained
from 4 by construction A. The second is de6ned as follows: Y = {y0; y1; y2; y3; y4}
is its vertex set and the blocks are: 〈y0; y1; y2〉, 〈y0; y2; y3〉, 〈y1; y3; y4〉, 〈y1; y4; y2〉,
〈y3; y0; y4〉. We can see that there exists a 2-colouring of (2)5 , but it is not possible to
colour it with 3 colours. In fact, the 3-colour classes should be composed as follows:
L1 = {x}, L2 = {y′; y′′}, L3 = {z′; z′′}, from which two blocks should be: 〈y′; x; y′′〉,
〈z′; x; z′′〉, with the vertex x in the centre, two times. But such a vertex does not exist
in (2)5 .
4. Uncolourable P3-designs
In this section, we prove the existence of uncolourable BP3-designs.
Proposition 4.1. There exists an uncolourable BP3(12)-design.
Proof. Let 12 be a BP3-design of order 12, de6ned on X = {x0; x1; : : : ; x11} and
consisting of:
• three BP3(4)-designs, each de6ned on Xi={x4i ; x4i+1; x4i+2; x4i+3}, for i=0; 1; 2, with
the blocks
〈x4i ; x4i+1; x4i+2〉; 〈x4i ; x4i+2; x4i+3〉; 〈x4i ; x4i+3; x4i+1〉;
• the blocks
〈x0; x4; x1〉 〈x2; x4; x3〉 〈x0; x5; x2〉 〈x1; x5; x3〉
〈x0; x6; x3〉 〈x1; x6; x2〉 〈x0; x7; x1〉 〈x2; x7; x3〉
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• the blocks
〈x0; x8; x1〉 〈x2; x8; x3〉 〈x4; x8; x5〉 〈x6; x8; x7〉
〈x0; x9; x1〉 〈x2; x9; x3〉 〈x4; x9; x5〉 〈x6; x9; x7〉
〈x0; x10; x1〉 〈x2; x10; x3〉 〈x4; x10; x5〉 〈x6; x10; x7〉
〈x0; x11; x1〉 〈x2; x11; x3〉 〈x4; x11; x5〉 〈x6; x11; x7〉
If f is a colouring of 12, it de6nes in X0 a 2-colouring by ), *. It is not possible
that f de6nes in X0 a colouring of type (C1), because of the monochromaticity of X1.
If f is a 2-colouring of X0 of type (C0.1), then necessarily f(x4) = f(x7) = - and
f(x5) = f(x6) = ) (or *). Since, for every j = 8; 9; 10; 11, xj belongs to 〈x0; xj; x1〉,
〈x2; xj; x3〉, 〈x4; xj; x5〉, 〈x6; xj; x7〉, it follows that f(xj) = -. But this is not possible
because of the monochromaticity of X2.
If f is a 2-colouring of X0 of type (C0.2), then necessarily f(x5) = -, f(x4) =
f(x6) = f(x7) = ) (or *) with the monochromaticity of 〈x4; x6; x7〉.
If f is a 2-colouring of X0 of type (C0.3), then necessarily f(x6) = -, f(x4) =
f(x5) = f(x7) = ) (or *) with the monochromaticity of 〈x4; x7; x5〉.
This implies the uncolourability of 12.
Theorem 4.1. For every admissible n, n¿ 12, there exist uncolourable BP3(n)-
designs.
Proof. For n= 12, Theorem 4.1 follows from Proposition 3.1. Since, by Construction
A or B it is possible to construct a BP3(n)-design, of order n¿ 12, containing the
BP3(12)-design 12 de6ned in Proposition 4.1, the statement is proved.
5. Monocolourable P3-designs
In this section we examine BP3-designs which admit only colourings with a 6xed
number of colours. We call them monocolourable BP3-designs.
Theorem 5.1. For every admissible n¿ 8, there exist BP3(n)-designs having chro-
matic spectrum R= {0; 0; r3; 0; : : : : : : ; 0; 0}, where r3 = 0.
Proof. Let n = 4h, h¿ 2, and let (1)n = (X; B) be the BP3-design de6ned on the set
X = {x0; x1; : : : ; xn−1} and consisting of:
• h BP3(4)-designs, each de6ned on Xi = {x4i ; x4i+1; x4i+2; x4i+3}, for every i=0; 1; : : : ;
h− 1, and having the blocks
〈x4i ; x4i+1; x4i+2〉; 〈x4i ; x4i+2; x4i+3〉; 〈x4i ; x4i+3; x4i+1〉;
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• the following additional block sets Sj, for j = 4i; i = 1; 2; : : : ; h− 1:
Sj :
〈x0; xj; x1〉 〈x0; xj+1; x2〉 〈x0; xj+2; x3〉 〈x0; xj+3; x1〉
〈x2; xj; x3〉 〈x1; xj+1; x3〉 〈x1; xj+2; x2〉 〈x2; xj+3; x3〉
• the following additional block sets Tj, for j = 4i, i = 2; : : : ; h− 1:
Tj :
〈x4; xj; x5〉 〈x4; xj+1; x5〉 〈x4; xj+2; x5〉 〈x4; xj+3; x5〉
〈x6; xj; x7〉 〈x6; xj+1; x7〉 〈x6; xj+2; x7〉 〈x6; xj+3; x7〉
: : : : : : : : : : : :
〈xj−4; xj; xj−3〉 〈xj−4; xj+1; xj−3〉 〈xj−4; xj+2; xj−3〉 〈xj−4; xj+3; xj−3〉
〈xj−2; xj; xj−1〉 〈xj−2; xj+1; xj−1〉 〈xj−2; xj+2; xj−1〉 〈xj−2; xj+3; xj−1〉
Observe that, for every i=0; 1; : : : ; h−2, it is not possible to colour Xi by a colouring
of type (C1), otherwise Xi+1 should be a monochromatic set.
Consider the BP3(8)-design constructed on X0∪Xi, for i=1; 2; : : : ; h−1. This subde-
sign admits only 3-colourings, in which X0 is coloured by a colouring of type (C0.1).
In fact, in this case, since x0, x1 have the same colour ), and x2, x3 the same colour
*, the vertices x4i+1, x4i+2 must have the same colour which must necessarily be ) or
*, while x4i and x4i+3 must be coloured with a colour - = ), *. In cases (C0.2) and
(C0.3), three vertices of Xi must be coloured with the same colour, ) or *, and the
remaining point with a diDerent colour -. But this is not a possible colouring for Xi,
for the existence of a monochromatic block.
Consider the BP3(12)-design constructed on X0 ∪ Xi ∪ Xi+1, for i = 1; 2; : : : ; h − 2.
Using a colouring of type (C0.1) for X0, we have f(x0)=f(x1)=), f(x2)=f(x3)=*,
f(x4i)=f(x4i+3)=-, f(x4i+1)=f(x4i+2)=) (or *). At this point, we can observe that
this forces the colouring of the points of Xi+1. Necessarily, f(x4i+4)=f(x4i+7)=-, and
f(x4i+5)=f(x4i+6)= ) (or *). By induction this completes the proof for n ≡ 0mod 4,
because it is not possible to use more than 3 colours for the points of the BP3-design.
Observe that if we add to (1)n a point ∞ and the blocks 〈xu;∞; xu+1〉, for each even
u, 06 u6 4h − 2, we have the same situation of colouring for BP3-design of order
n ≡ 1mod 4.
6. Bicolourable P3-designs—Chromatic spectrum with a large gap-set
In this section we construct BP3(n)-designs having a broken chromatic spectrum
with only two nonzero possible values: r and r 9. This means that these designs can
be coloured only with  or 9 number of colours.
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Theorem 6.1. For every admissible n¿ 8, there exist BP3(n)-designs which admit
only - and 9-colourings.
Proof. If n= 4, then = 9= 2, r2 = 0 and the chromatic spectrum is R= (0; r2; 0; 0).
If n = 5, let 5 be a BP(5) obtained from the only BP(4) by Construction A. We
can see that  = 2, 9 = 3 and therefore R= (0; r2; r3; 0; 0).
Let n = 4h, h¿ 2, and let (2)n = (X; C) be the BP3(n)-design de6ned on X =
{x0; x1; : : : ; xn−1} and consisting of:
• the same BP3(4)-designs contained in (1)n and de6ned on Xi (see Theorem 5.1);
• the following additional block sets Sj, for every j = 4l, for l= 1; 2; : : : ; h− 1:
Sj :
〈x0; xj; x1〉 〈x0; xj+1; x3〉 〈x0; xj+2; x1〉 〈x0; xj+3; x3〉
〈x2; xj; x3〉 〈x1; xj+1; x2〉 〈x2; xj+2; x3〉 〈x1; xj+3; x2〉
• the following additional block sets Tj, for every j = 4u, u= 2; : : : ; h− 1:
〈x4; xj; x6〉 〈x4; xj+1; x6〉 〈x4; xj+2; x6〉 〈x4; xj+3; x6〉
〈x5; xj; x7〉 〈x5; xj+1; x7〉 〈x5; xj+2; x7〉 〈x5; xj+3; x7〉
and for j = 4i, i = 3; : : : ; h− 1:
〈x8; xj; x10〉 〈x8; xj+1; x11〉 〈x8; xj+2; x10〉 〈x8; xj+3; x11〉
〈x9; xj; x11〉 〈x9; xj+1; x10〉 〈x9; xj+2; x11〉 〈x9; xj+3; x10〉
: : : : : : : : : : : :
〈xj−4; xj; xj−2〉 〈xj−4; xj+1; xj−1〉 〈xj−4; xj+2; xj−2〉 〈xj−4; xj+3; xj−1〉
〈xj−3; xj; xj−1〉 〈xj−3; xj+1; xj−2〉 〈xj−3; xj+2; xj−1〉 〈xj−3; xj+3; xj−2〉
Observe that (2)n contains a subdesign 
(2)
n−3 de6ned on Y = {x0; x1; : : : ; xn−4}.
Consider the subdesign (2)8 , having order 8 and de6ned on X0 ∪ X1, and let f be a
colouring of (2)n . We can see that
(i) it is not possible that f de6nes in X0 a colouring of type (C1), otherwise X1
should be a monochromatic set;
(ii) if f de6nes in X0 a colouring of type (C0.2), then f de6nes in 
(2)
8 a 2-colouring;
(iii) if f de6nes in X0 a colouring of type (C0.1) then f(x0) = f(x1) = ), f(x2) =
f(x3) = *, hence f(x4) = f(x6) = -, f(x5) = f(x7) = ) (or *);
(iv) if f de6nes in X0 a colouring of type (C0.3), then f(x0) = f(x3) = ), f(x1) =
f(x2) = *, hence f(x5) = f(x7) = -, f(x4) = f(x6) = ) (or *).
If n= 8, it is so proved that  = 2, 9 = 3.
Let n=12. In case (ii), f de6nes a 2-colouring (the same colour to x0; x2; x4; x5; x8; x9;
another colour to x1; x3; x6; x7; x10; x11, or other cases). In case (iii), f de6nes necessarily
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a 4-colouring as follows:
f(x9) = f(x11) = *(or )) = f(x5); f(x8) = f(x10) = 0:
In case (iv), f de6nes necessarily a 4-colouring as follows:
f(x8) = f(x10) = *(or )) = f(x4); f(x9) = f(x11) = 0:
Therefore, for n= 12,  = 2, 9 = 4.
If n¿ 16, we have necessarily the following situation. From (ii) it follows a
2-colouring for (2)n . Case (iv) does not yield any colouring: in fact, the existence of the
block 〈x0; x12; x1〉 implies f(x12)∈{); *}, but 〈x4; x12; x6〉 〈x8; x12; x10〉 implies f(x12) ∈
{); *}. Consider case (iii). Necessarily, for each i=3; : : : ; h−1, f(x4i)=f(x4i+2)=1i−2,
f(x4i+1)=f(x4i+3)=*. We can verify that f uses exactly the following h+1 distinct
colours: ); *; -; 0; 11; 12; : : : ; 1h−3. Therefore, 9 = n=4 + 1, and this completes the proof
for n= 4h.
Now, let n = 4h − 3, h¿ 4, and examine the BP3-design (2)n−3, contained in (2)n
and de6ned on Y = {x0; x1; : : : ; xn−4}. Since f(x4h−4) = 1h−3, as in (2)n , (2)n−3 admits
either a 2-colourings or an (h+ 1)-colouring. To complete the proof, we examine the
case n=9, the design (2)9 admits 2-, 3- and 4-colourings. Consider the BP3-design 
∗
9
de6ned on X = V1 ∪ V2, where V1 = {v0; v1; v2; v3} and V2 = {v4; v5; v6; v7; v8} generate
two subdesigns isomorphic to 4 and 25 (see Remark 3.2), respectively. Further, there
are the blocks
〈v0; vj; v1〉; 〈v2; vj; v3〉 for j = 4; 5; 6; 7; 8:
Let f be a colouring of ∗9 . It follows that:
• it is not possible that f de6nes in V1 a colouring of type (C1);
• if f de6nes in V1 a colouring of type (C0.2) or (C0.3) then f is a 2-colouring
of ∗9 ;
• if f de6nes in V1 a colouring of type (C0.1), then f(V1) ∩ f(V2) = ∅ and, since
(25) = 9(
2
5) = 2, f is a 4-colouring of 
∗
9 .
Theorem 6.1 allows us to state the following:
Corollary 6.2. For every positive integer k, there exist BP3-designs having the chro-
matic spectrum R=(0; : : : ; 0; ri; 0; : : : : : : ; 0; rj; 0; ::0), where j¿ i+ k+1 and ri, rj ¿ 0.
Proof. It is suNcient to consider the BP3-design 
(2)
n of order n¿ 4k + 12. It has
((2)n )=2, 9(
(2)
n )¿ k+4, with a gap of at least k+1 places between r2 and r 9.
7. Chromatic spectrum with regular odd gaps or regular even gaps
In this section we construct BP3-designs having the chromatic spectrum broken with
the gaps occupying all odd places or all even places.
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Theorem 7.1. (i) For every n ≡ 0mod 4, there exist BP3(n)-designs having chromatic
spectrum R= (0; r2; 0; r4; 0; : : : ; 0; rn=2; 0; : : : ; 0), where ri ¿ 0.
(ii) For every n ≡ 1mod 4, there exist BP3(n)-designs having chromatic spectrum
R= (0; r2; 0; r4; 0; : : : ; 0; r(n−1)=2; r(n+1)=2; 0; : : : ; 0), where ri ¿ 0.
Proof. (i) If n=4, then = 9=2, r2 = 0, and the chromatic spectrum is R=(0; r2; 0; 0).
Let n= 4h¿ 8 and let (3)n = (X; B) be the BP3-design  de6ned in Theorem 3.1.
From Theorem 3.1, it follows that
r1 = 0, r2 = 0, rn=2 = 0 and ru = 0 for every index u, n=2¡u6 n.
If f is a colouring of (3)n , it de6nes on every Xi, i=0; 1; ::h− 1, a 2-colouring and
it can be of type (C1) only on Xh−1. In fact, if f(x4i−4) = ), f(x4i−3) = f(x4i−2) =
f(x4i−1) = *, for some i = 0; 1; ::; h− 2, then it follows the monochromaticity of Xi+1.
If, for some i=0; 1; ::; h−2, f is of type (C0.2) or (C0.3) on Xi, then all the vertices
of Xi+1; Xi+2; : : : ; Xh−1 can be colourable only with the same colours of Xi. This means
that if the subdesign generated by X0 ∪ X1 ∪ · · · ∪ Xi is k-colourable, then all (3)n is
k-colourable. If f de6nes on Xi a colouring of type (C0.1), say f(x4i)=f(x4i+1)= ),
f(x4i+2) = f(x4i+3) = *, then Xi+1 is colourable only using 2 colours -; 0, such that
{); *} ∩ {-; 0}= ∅.
Collecting together, for every i = 0; 1; 2; ::; h − 1, Xi can be coloured only with two
colours )i; *i, Xi+1 can be coloured only by two colours )i+1; *i+1 such that {)i; *i} ∩
{)i+1; *i+1}= ∅ or {)i; *i}= {)i+1; *i+1}.
Therefore, it is possible to colour the BP3(n)-design by only an even number k of
colours, for each k, 26 k6 n=2, and if r is the number of Xi for i = h− 1 in which
is de6ned a colouring of type (C0.1), then k = 2(r + 1).
(ii) Let n=5 and let (1)5 be a BP3(5) obtained from the only BP3(4) by Construction
A. We can see that  = 2, 9 = 3 and therefore R= (0; r2; r3; 0; 0).
Let n′=n+1=4h+1¿ 9 and let (3)n+1=(X
′; B′) be the BP3(n+1)-design obtained
from (3)n by Construction A, adding a vertex ∞, so X ′ = X ∪ {∞}, and the blocks
T∞:
〈x4i ;∞; x4i+1〉, 〈x4i+2;∞; x4i+3〉 for every i = 0; 1; : : : ; h− 1.
Since (3)n is contained in 
(3)
n+1, we have the same previous conclusions on X
′−{∞}.
Further, if a colouring of type (C0.1) is de6ned in Xh−1, then 
(3)
n+1 is colourable by
k + 1 colours necessarily; in all the other cases ∞ is colourable only by one of the
colours used in Xh+1.
Theorem 7.2. (i) For every n ≡ 0mod 4, n¿ 12, there exist BP3(n)-designs having
chromatic spectrum
R= (0; 0; 0; 0; r5; 0; r7; 0; : : : ; 0; r(n−2)=2; 0; : : : ; 0); where ri ¿ 0;
(ii) For every n ≡ 1mod 4, n¿ 13, there exist BP3(n)-designs having chromatic
spectrum
R= (0; 0; 0; 0; r5; 0; r7; 0; : : : ; 0; r(n−1)=2; 0; : : : ; 0); where ri ¿ 0;
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Proof. (i) Let n = 4h, h¿ 3, and let (4)n = (X; B) be the BP3-design de6ned on the
vertex set X = {x0; x1; : : : ; xn−1} and consisting of:
• the same h BP3(4)-designs contained in (3)n and de6ned on Xi;
• the following additional block sets S ∪ Tj, where
S:
〈x0; x4; x1〉 〈x0; x5; x2〉 〈x0; x6; x3〉 〈x0; x7; x2〉
〈x2; x4; x3〉 〈x1; x5; x3〉 〈x1; x6; x2〉 〈x1; x7; x3〉
〈x0; x8; x2〉 〈x1; x8; x3〉 〈x4; x8; x6〉 〈x5; x8; x7〉
〈x0; x9; x2〉 〈x1; x9; x3〉 〈x4; x9; x6〉 〈x5; x9; x7〉
〈x0; x10; x2〉 〈x1; x10; x3〉 〈x4; x10; x6〉 〈x5; x10; x7〉
〈x0; x11; x2〉 〈x1; x11; x3〉 〈x4; x11; x6〉 〈x5; x11; x7〉
and, for every j = 4i, i = 3; 4; : : : ; h− 1,
Tj:
〈x0; xj; x2〉 〈x0; xj+1; x2〉 〈x0; xj+2; x2〉 〈x0; xj+3; x2〉
〈x1; xj; x3〉 〈x1; xj+1; x3〉 〈x1; xj+2; x3〉 〈x1; xj+3; x3〉
〈x4; xj; x6〉 〈x4; xj+1; x6〉 〈x4; xj+2; x6〉 〈x4; xj+3; x6〉
〈x5; xj; x7〉 〈x5; xj+1; x7〉 〈x5; xj+2; x7〉 〈x5; xj+3; x7〉
〈x8; xj; x9〉 〈x8; xj+1; x9〉 〈x8; xj+2; x9〉 〈x8; xj+3; x9〉
〈x10; xj; x11〉 〈x10; xj+1; x11〉 〈x10; xj+2; x11〉 〈x10; xj+3; x11〉
: : : : : :
: : : : : :
〈x4i−4; xj; x4i−3〉 〈x4i−2; xj; x4i−1〉
〈x4i−4; xj+1; x4i−3〉 〈x4i−2; xj+1; x4i−1〉
: : : : : :
: : : : : :
〈x4i−4; xj+2; x4i−3〉 〈x4i−2; xj+2; x4i−1〉
〈x4i−4; xj+3; x4i−3〉 〈x4i−2; xj+3; x4i−1〉
Let f be a colouring of (4)n . Of course, it is not possible that f in Xi is of type (C1),
for each i=0; 1; : : : ; h−2. Also, it is not possible that f de6nes in X0 a colouring of type
(C0.1) or (C0.3). In the 6rst case, from f(x0)=f(x1)=), f(x2)=f(x3)=*, it follows
necessarily that f(x5)=f(x6)=f(x7)=) (or *), f(x4)=-, hence f(x8)=) or * because
x8 ∈ 〈x0; x8; x2〉 and f(x8) ∈ {); *}, because x8 ∈ 〈x5; x8; x7〉 and x8 ∈ 〈x4; x8; x6〉. In the
second case, from f(x0)=f(x3)=), f(x1)=f(x2)=*, it follows f(x4)=f(x5)=f(x7)=
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) (or ( *)), f(x6) = -, hence f(x8) = ) (or *) because x8 ∈ 〈x0; x8; x2〉 ∩ 〈x4; x8; x6〉
and f(x8) = ) (or *) because x8 ∈ 〈x5; x8; x7〉. So, f de6nes in X0 a colouring of
type (C0.2). Therefore, f(x0) = f(x2) = ), f(x1) = f(x3) = * and f(x5) = f(x7) = -,
f(x4) = f(x6) = ) (or *). This forces the colouring of X2 = {x8; x9; x10; x11} on which
a colouring with two colours 11, 12 such that {11; 12} ∩ {); *; -}= ∅ is de6ned.
Now, consider Xi, for every i = 3; : : : ; h − 1. Necessarily, to colour Xi, it is not
possible to use ); *; -. Further, if for every pair of indices i; u = 3; : : : ; h − 1, i =
u, 12i−3; 12i−2; 12u−3; 12u−2 are the colour of Xi and Xu, respectively, then it is not
possible that |{12i−3; 12i−2}∩{12u−3; 12u−2}|=1. In conclusion, it is possible to colour
this BP3(n)-design by an odd number k of colours, for each k, 56 k6 n=2− 1.
(ii) Let n′ = n+ 1 = 4h+ 1¿ 13 and let (4)n+1 = (X
′;B′) be the BP3(n+ 1)-design
obtained from (4)n by Construction A, adding a vertex ∞, so X ′ = X ∪ {∞}, and the
blocks
T∞: 〈x4i ;∞; x4i+1〉; 〈x4i+2;∞; x4i+3〉;
for every i = 0; 1; 2; ::; h− 1.
The conclusion is similar to case (i).
So, it is possible that ∞ is colourable with a colour already used in (4)n or it is
necessary to use for it a new colour.
The statement is completely proved.
8. Open problem
In this paper we have constructed several families of G-designs having the chromatic
spectrum broken and these are the 6rst cases of designs with this property. It seems
diNcult to 6nd other designs with gaps in their chromatic spectrum.
Problem. Construct, if it is possible, Kn-designs having the chromatic spectrum
broken.
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